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physically meaningful modes of oscillation do exist , for other emission
configurations , they are probably stable.

UN CLASS I F I E D
SE CIIRI1’ 1 C L  A S S I F I C A T I C I N  Or °N t ’ , PA C/f ’ 14I , rn P~~e ~~r , , c , r E

- ~~~~~~~~~~~~~~



SUMMARY

I am indebted to Dr. Conrad Longmire and Dr. Neal  Carron for

writ ing a very useful and readable report . Thanks go to I)r. Carroti for
setting up the parameters for the computer solution (although it was

ori g inal l y used for a different purpose) presented in Appendix II. Thanks

also go to Dr. Longmire for help ful comments after reading the first draft

-~~ of this report . I am indebted to Ms. Colleen Ilannigan for her efforts in

typ ing this report .
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SECTION 1

INTRODUCTION

When high-intensity X-rays strike a conducting surface in
vacuum a negatively-charged layer forms just above the surface. This

layer—called the space-charge-boundary layer—is formed by the photo-

electrons ejected from the surface. The properties of the boundary layer ,

in particular the modes of oscillation , can be important in the study of

SGEMP .

Recent experiments using low-energy X rays to form such a boundary

layer may not be wholly interpretable in terms of purely static (time

independent ) boundary layer theory . The unambiguous interpretation of

future experiments , with low-energy photons , will depend upon an understand-

ing of the dynamic properties of the boundary layer. This paper attempts

to contribut e to that understanding by investi gating small oscillation of

the boundary layer about static equilibrium .

To properly analyze the dynamic properties of the one-dimensional

boundary layer requires the simultaneous solution of the Vlasov equation

and the Poisson equation . Since this is a non-linear system of equations

its complete time-dependent solution is most easily made by means of

computer codes . A computer analysis of this problem has been made by

Carron ’. The analytic investi gation of small oscillations about equilibrium

will he made by means of the linearized Vlasov equation and by utilizing an

analog of the adiabatic conditio n for an ideal gas. This latter condition

5
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s equivale nt to solving the 1 m ean :ed second order V Lisov moment u . 1 1 1 : i t  ion

(energy equat ion)

The V lasov equat ion used to solve t he boundary layer sv S t  CTD cOil  —

t a ins onl~ one s pec ies , nanielv e l e c t r o n s .  The sys tem is t he r et o re  no t  a

pl asma in the lit ral sen so of the word . . -\ it hoin~li sonic of th e t e mu riol o~ v

of p l a s m a  physi cs is COi1\’eli lent for a ilescri pt ion ot the boundar y la~ s’r

concept  s suc h as t he frequency of ~~1 asina osc I II at ions sliou 1 U riot h~ acs-ejrted

uncr i t  isa liv. The dcii n i t I on of a plasma requires that  the plasma syst em

is neutral out s ide a length called a Iteh yc’ length. Plasma t heorv dese i’i bes

t he plasma 5\ ’ s t s ’nr only for dimensions greater than :1 l)eb~-e l ength. Exact lv

t lie 01)1)0 s i t  e is true for the hoiinda rv 1 aver. ihere e x i s t s  a 1 s - r i  ~t Ii , ca ll eu

t he boundary layer th ickness 
~, 

so mct i nies a 1 so ca 11 i’d a I)ehve 1 engt h) wli i cli

has i cal  lv de f ines  the U imens ion hevonsi w h icli the sv s t  ciii is  nerit ra I . For

the hoi.indarv I aver a l l  the phys cs happens r~ i t  b in t hi  s 1 engt ii not out s ide

~r f  i t .  One of the resu l ts  of t h i s  invest igat i o n  wi  Ii he the Jet ermi nat i on

< I t  the frequenc I es of ad I abat i c osc i l l  at iou of the boundary s~- st  em for

known stat i c sol ut iOns . A general w a y to apj ir ox i mate t he lowest  mode of

o s c i l la t ion for a general s t a t ic  so lu t ion  w i l l  also be described .

In Section ~ ol this report the w as ’ s’ eqt rat  ion , descri b ing osci I—

l .it ions of the hon,zur darv Liver , for  a genera l stat ic so lin t i on i s uler i ved

in  ~-s’c t ion ~ t he cond it ion for ad i ahat iC OSc I 11 at ions is formu 1 at cii and

the wave eqira t ion of Sect ion ~ is part ic u la r i ed to the case < ‘ t  adiih;it Ic

osci I tat lo r i s .  Boundary condi t  ions are a l s o  d iscussed in t h i s  sect ion .

(Ins ’ o j u t  5’ rest I ng n ’ s ’s i r  Its that fo I lows from the propert is ’s ot the uei~
SsiV s’ eqilat ion is that all fluid osci I lat ions~~ if tile)- exist it a l l — o f  t r y

hounda rv I a sc r , a re st  ab le .

Iii Sect ion I u’.’ so l Vt ’ for t lie nicI5ls ’~ ,!t 05< 1 I l i t  iou tor three

known s t a t  i c so l .it iOui s~ ‘ . These stat nc sol ti t ions ar’ i~~ r s ’ le d  n - on’. em it ted

6 
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either norma l to the surface or for electrons e1iiitted w i th  a cosine distr ibu-
t ion wi th respect to the norma l to the surface. One of these stzit i c solut joins

describes norma l cmi ss ion wi th a monoenergetic energy distribution. This

is the oni)- static solution of the three which a l l o w s  phy s i c a lly meaning ful

solut ions. ‘[‘his result seems to correspond wi th  the findings of computer
code investigations of the one-dimensional boundary layer. Oscillatio ns

have been observed wi th monoenlerget ic , normal cmi ssion code s imulat ion s but

the oscillations do not seem to oc cu r  with other t~’pes of emission.

In Sect ion S the results of tile reported invest i gat i on are sum—

mari:esl and speculated upon . In Append ix I we demonstrate that tile means

by which we obtained the adiab atic condition for the boundary layer yields

the usua l adiabatic condition in the case of an ideal gas. Appendix II

contains a comparison between the oscillations observed in a computer ~iiniila-

tion of monoenergetic norma l emission with that of tile anals- tic result of

Section -1. The lowest mode of the anal ytic result is equal to the measured

frequency, with in the accuracy of the measurement.

7

- ‘- .-- - —— — — ‘.I~I



x
Emitted

,
,/

Electrons

e e e e e e e e e e e

I I 1 _ I  I I I I I I
Emission Surface

Figure 1. Geometry of the problem .
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SECTION 2

GENERAL EQUATION OF OSCILLATI ONS

In this section the wave equation which describes oscillations

abou t equilibrium will be derived. We take the point of view that the
- 1 perturnations of ph)-sical interest man ifest themselves in terms of an ob-

servable fluid velocity ~~ /~~t (an observable charged current flow , ~O1 example).

~ can be interpreted as a displac emcnt of a particle of fluid from its

equilibrium position . We look for those equations that describe the displace-

ment ~~ . We beg in by taking the usua l zero order and first order velocity

moments of the linearized Vlasov equation. Combining these two equations we

will obtain the equation we seek.

The Vlasov equation in one dimension is

Df ~f+ v -~-—- + a ~~— = 0 , (1)

where f(x,v ,t) is the distribution function for electrons , x is the vari-

able of position , v is the velocity variable , t is the time and a is the

acceleration. The acceleration is defined by

a = - e/m ~~~~
- , (2)

where the electrostatic potential ~ is defined through the Poisson equa t ion

a 24 = - 4~~(e/m)p , (3)

and the mass density is defined by

9
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~~‘

p(x,t) E m ffdv . (4)

We now linearize Equation 1. If f0 
represents a static solution of Equa-

tions 1 through 3 and ~f represents a perturbation about equilibrium , then

using

f~~~f~~+~~f , (5)

in Equations 1 to 3 the equations describing the perturbation becomes

____  ____  ~~~f)  3(f
0)+ v + a + cIa = 0 , (u )at ax o 3v

a (
~~~ = - 4~~ e/m cIp , (

~~)

and

cIa = - . (8)
m

Here we have used the static equilibrium equation

af
v + a = 0 , (9)3x 0 4s

and the notation tln’ :t a subscri pt zero corresponds to a quantity defined
by means of the static distribution function f0, a cI before a quantity

is defined by means of the perturbation cIf. For example .the mass densities

and cIp are defined by inserting f0 and cIf respectively in Equation .1 for

f:

p
0 

= m f f 0dv , (10)

and

= m fcIful v . (11)

Takin e t h u  zero order and fi rst order moments of E~ uat ion ( whil e usinc z

the definitions

10



p0 
‘~~~~ - E mfvcsfdv , 

(12)

and

P m fv
2fdv , (13)

where 3~/3t is the perturbed fluid velocity and P is the pressure , we find
that

‘I

- :- )-(p E~)
- 

)t-~x 
— 

‘

and

3 f
p ___

~~ 
+ -

~~
--— - a

0
cIp - cIap

0 
= 0 . (15)

Substituting Equation 2 (with ~ replaced by ~~)
) and Equation 8 into Equation

15 we find

+ 
~~~~

- + 
~~

- (~ + 
~~~~~~

- 
0) 

= 0 . ( 16 )

Equations 14 and 16 are defined totall y in ter~ns of fluid concepts. From

Equation 14 the expression for the conservation of mass, we see that

= - 
~~~~~ (p0~) . (17 )

Upon substituting (17) into (7) we have

-

~~~~~~~ 

= - 4~i e/mp 0~ . (18)

Substituting Equations 17 and 18 into 16, using Equat i on 7 and the equation

of static equilibrium

= - 
~~

- p -----
~~ (19)lx m 3x ’

we find that

11
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4 + -
~~~~~ (

~ 
+ ~~o~ ) = o . (20)

Equation 20 is the general differential equation ice seek which describes

oscillations about static solutions. In the next section we will relate

6P to ~ for a particular type of motion .

I
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SECTION 3

ADIABATIC OSCILLATION CONDITIONS

To find an express ion for ~P in Equation 20 wu’ formulate a con—

dit ion which  nnajiitains the energy in auiy’ g i VeIl volume of fluid constant

- 
- throughout the perturbation . I’n Appendix I we demonstrate t ha t  this

condit ion is analogous to ad iabatic not ion in an ideal gas. The consl i t ion

i n  tile c i rcumstances whi cii describe the boundary layer , w i l l  a l so  he cal led

the ad i ahat i c co ui d i t ion .

If tile energy density of the electron gas at x is clx) then the

to t a l  energy t~ is
d

= f  c(x)dx . ( 2 1 )

0

Taking the point of v i e w  that ~ is the displacement of the e lec t ron  gas at

the point x i t  can he shown~’ that the change in energy - ‘ic due t s ) this

displacement is

~~ =f (  ‘- - + -~~~~--)dx . (22)

If we wish 6l~ to equa l zero for every element of volum e we mus t have

- -~~: ~ o ’~ 
2~~)

Equat ion 23 15 the condi t ion we need hut to use i t Wi’ must const u’cn ct the

energy density of the e lectron gas.

The t ime de r i va t  is’ s’ of Equat ion 23 is  the seconul oruls ’ n moment

equation of the 1 i ne ari zed V 1 asov equat ion and du’ l’ine s the heat t l O ’n

13
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3~/3t . Instead of obtaining Equation 23 by means of Equations 21 and 22

we could , alternatively, have assumed that the heat f low was given he

3~/3t and solved the linearized energy equation .

The energy density c~ is composed of the electric field energy

and the kinetic energy of the electrons. In general the energy density

c(x) is given by

c( x )  = 
~ 

+ P , (2 -b )

and so

(2 5)

Substituting Equations 18 and 19 into (25) we find

(26 )

From Equations 3 and 19 one can show that

STI 3x ~3x/ 
‘ ~ )

or that

1 I 3 ~ o\
2

P0 
= 

~~k—~
-
~

-) ( 2 5 )

if both P0 
and 3c~0/3x vanish at the outer boundary. Substituting Equation

28 into Equation 25 we ~have

= 3/2 P
0 

. ( 29 )

Equation 29 states that tile total energy dens i t ) ’  in t u e  one— U imensiona I

boundary layer , for norma l emission is three times t i ns ’ k i n n e t  ic enu’rgy . If

the electrons were not cmi tted norma l ly  t i ic’ s ’ \ l s r c ’ ’cs I on for would not he

Equation 29. For example if  e l e c t  rons ncu ’ru’ emit ted w i t h  ,t dos distrib ution

14
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with respect to the norma l to the surface the fraction multi p ly ing P0 
in

Equation 29 would be 5/2 instead of 3/2 (see Reference 2 pgs. 21 through 23).

Substituting Equations 26 and 29 into Equation 23 we arrive at the condition

we seek, namely

(30)
03x ~~

For cose emission 5/3 would replace the 3 on the right-hand side of Equation

30. (This is so because a 3/2 would replace the 1/2 multipl ying tSP on the

right-ha~d side of Equation 25 for cosO emission.) Substituting Equation 30

into Equation 20 we arrive at the wave equation for oscillations

.~__c_ 
-.

~~
-. P — 0  31

where

I = 3 norma l emission
(32)

I = 5/3 cos8 emission

Equation 31 is analogous to the equation describing the velocity of sound

in a gas . I is analogous to the ratio of specific heats. Since for a one-

dimensional ideal gas one would expect the ratio of specific heat C
I)/CV to

be

(33)

where C is the specific heat at constant pressure , C is the specific heat

at constant volume and k is Boltzman ’s constant . For an ideal gas with

3 degrees of freedom the ratio of specific heats would be 5/3. Equation 33

is a result of the Boltzman distribution function . Equation 32 is not . al-

though the results are similar . We will now discuss boundary conditions and

a general method of finding the lowest mode of Equation 31. If we assume that

= ~0 (x )e
tat 

(3 - I )

then substituting Equation 3-I into Equation 31 we find that

15
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‘

a
p
0
w2~ 0 

- y ~~— (P
0 

- b --) = 0 . (35)

Tile spatial boundary conditions for Equation 35 can be found by an examina-

tion of Equation 35. For x < 0, 
~~ 

is equal to zero . Equation 35 implies

that 3~0
/3x is continuous at x = 0 so that (this argument is analogous to

the “p ill box” argument used in describing the boundary condition at the

surface of a conductor) :

= 0 , (36)

x=0

is the boundary condition at the inner surface. Equation 36 expresses the

fact that the fluid is incompressible at the x = 0 boundary and is also

consistent with our intuition that the perturbation should he , at least , a

local extrem um at the boundary . Other boundary’ condit ions are conceivable
and the)’ could charge the nature of our conclusions about the frequencies
of oscillations (the form of the particular solutions discussed in Section 4

would not change if the boundary conditions were changed , however) . It is

the opinio nl of th i s  author t hat  Equat ion ~ 6 is the most “natural” condition

for th is sy stem .

For x > d , is equal to zero also. Continuit )- of at the outer

boundary would require ‘ 0(d) to equal zero. To make the perturhat ions

physically meaning ful we require 
~~ 

to he finite everywhere including the

po sition of the outer boundary.

Ice can Invest  Aga te  the roots ( -  ) of Equat ion 35 b y doin g a t’ecc

man i pulat ions. ~‘Iultip 1y i n g  Equat ion 3 by •
~~~~

, in t s ’ c ~rat ing over x and u s i n g
the t’ict that l’0 (d )  vanishes , while also using Equation 3u we see that

16
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= ~ d 
(37)

~
Equation 37 is the basis for an approximation of c c .  It also shows us that

w is either imag inary or zero since both the integrals on the right-hand

side are positive definite. That is the ad iabatic oscillations are never

unstable ! Equation 37 forms the basis of a variational princip le: any

function f(x) which satisfied the boundary conditions on can be sub-

stituted into Equation 37; the resulting integrations make the right-hand

side of Equation 37 greater or equal to the lowest mode of the system . The

variational princi ple arises because Equation 35 together with the boundary

conditions are a self-adjoint system .

17
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SECTION 4

MODES OF OSCILLATION OF KNOWN SOLUTIONS

In this section we find the modes of oscillat ion of three known

static solutions. The first is a monoe inergetic energy distribution emitted

normal to the surface. We need both P0 
and p0 as functions of x. 

From

Reference 2 (we use the variable x instead of z) page 25 we have , after

using Equation 28

3/2
P0=a( l +~~) 

‘

-3/2
p
0 = b(l 

+ 
~

-) , (39)

where

(40)

a = 2 m r
0 

v1 , (41)

and

2mr
b =  ~~~~~ . (42)

v1

is number of electrons emitted /cm2/sec and v 1 is the emission velocit y .

Substituting Equations 38 and 39 into Equation 35 while letting

y =  (I+x/ fl , (43)

and

-, w2h 2
- —:;~;jj-- 2. (-1-1)

18



we have

(

~~2/ 3  
-

~~~~~ ~~ 
+ ~y

2/ 3  
( 2 5 )

liv means of a s imp li’ t r an s t’o rma t ion

y = ( z ’ - - )  . (46)

Fqiiat ion -16 can be t rainsfo rmed to

+ 0 . ( 4 )

‘l’he so 1 ut i otis are then

cos [3v~(l - x/d)~~~ ] , (48)

a ii U

sin 13~ (l - x/d) 11’
~i . (49 )

In oruler to sat is fv  cont inu itv of at d we c hoose  Equation 49 as our
so lut ion . To sa t i s f y Equat ion Sb for ~ ~ ti we must have

~ i +1
= - -b--— ~ n = 0,1 . . . (50)

0 r

- ya 1/2 211+1
= + i (—

~~
) —i---— TI (5 1

or from Equat ions 4 1 , - 12 and 32

1 ‘ +
= ~ 

_
~ —l_ 

~ ii = 0,1 ,2 . . . (52)
~ 2VT

The l onges t perio d s 3. -26 mul t A p I  I ~.‘d by t he t inc it takes on elect ron

wi th vu’ b c  ~~~ V
1 

to go twi de the bou ndary di stance d . I t ’ we used the

so I ni t ion of Equtat A on -IS , wou Id be di scont I nuou s a t x = U and the fre—

quency  would he

19
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= ± i —
~j~

-- 
,~~~~~ m = 0,1 ,2 . . . (53)

A comparison of the lowest mode of Equation 52 with a computer solution is

made in Appendix II.

We now proceed to the next static solution . It can be interpreted

as either a constant energy spectrum with normal emission or a monoenergetic

energy distribution with a cosO emission spectrum . With either interpreta-

tion the results are the same. From Reference 2 pages 26- and 30 we have

P
0 = a(l + x / 2. )6 

, (54)

p
0 = b ( l  + x /2. )2 

, (55)

where

(56)

a = mr 0 v 1/3 , (57)

and

b = 4 r0/v 1 . (58)

h ere constants r0 and v 1 have the same meaning they had in the previous

example. Using the transformation expressed by Equations 54 , 55 , 43 , and

also Equation 44 we find that Equation 36 becomes

~~~ 
+ 
~
2y2~0 

= 0 . (59)

If we let

= y~~~ ~ (6 0 )

and

y = , (61)

Equation 59 t ransforms to

20
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, ~~, -

+ ~~- -~-~- — —p-- + 0 . (62)

‘l’he solut ions 01 Equat ion 62 are spherical  Bessel functions of order 2 .  I f

II  represents a spherical ha n  ke I fuinct ion of order 2 tilen the sol ut i s)ns

are

\‘ ll~ (~~/ )  . ( 6 3 )

In oruler for to he f in i te  at x = ii ( = 0), ~ must he imag i n a r y . Refe r-

ring to Equat ion 44 we see then that u ncoiilul be real whic h coiiti’ad i ct s

the conIc lusi 0115 drawn from i:quat ion 57 . (If we assumes! that ~ we re rca 1

we could not sat I sfy the boundar~- cond it A on at x = 0. ) Phvs i c a l l ’  rea ic

so lutions of ito not ex i s t  for th is  s t a t i c  solut ion.

We next cons ider the s t a t i c  sobut ion uc ilicil descr ibes norma l cmi s-
4 

5101 1 w i t h  an exponent i~nl di st r  ibut ion or a cos inc ai~gu lar U 1st ribut ion wi t h
a 1 incur times exponent i al ener.gy di st r ibu t ion . I rom Reference 2 , page 51

P
0 

= a ( l  + X/ ~~~) 2  , (b-I)

= h ( l  + x /~~) , (651

where

j  2n+ \‘

= ( 
~
ç/,, ) , (06)

\8TI~ e r ))

a = TI
l/ 

m r  y (o7)

and

1) 21l~~~ 
~~~ 

. (65)

‘Fine con st a nts have the meaning they’ had pr et i ou is l~ ’ exc e pt  Uni t  1% 
1 

is the

e xponent I at ion cnerg\’ of the energy d i s t r i b u t i o n  (c 5 
~ I) and

21
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V
1 ~~2~~ /m . (69)

Using Equations 64 , 65 , 43 and Equation 44 we find that Equation 35 bc~ omes

a 
(
~~~2 

~~ 
+ 

~~~~ 
= 0 . (70)

With the hell) of the transformation

(71)

Esluation 70 becomes

+ 2 / ’  - 2/y~~ + ~~ = 0 . (72)

The solutions of Equation 72 are spherical Bessel functions of order 1. If

Il~ denotes a Flankel funct ion of order 1 then

2
= y I-11( 8y) . (72)

In order for to be finite at y = ~~, 8 must be negative or w must be

positive. By arguments similar to those of the previous section we con- —

d ude that a physically meaningful perturbed solution does not exist for this

static solution .
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SECTION 5

SUMMARY AND SPECULATION

Adiabatic fluid theory’ has ieen used successfull y in plasma physics

to describe Iang nni uun - 
~s a y s’s~~ . h ere we have evoked an adiabatic fluid theory

to describe oscillations of the one-dimensional boundary layer. The results

of the analysis utili :ing a “natural” boundary condition for the problem)

are that a boun da r y  layer fornned from monoenergetic emission of electrons

norma l to the surface supports Plasma-tyTe oscillations. A boundary layer

formed by either a monoenergetic energy distribution of electrons emitted

with a cosine angular dependence or a l inear t imes exponential energy

distribution of electrons emitted with a cosine angular dependence do not
support oscillations.

These results , together with the form of the equation (Esj uation
35) describing the oscillations , suggest that monoenergetic emission of

electrons normal to the surface may be one of the only condi tions under

which oscillation s can occur in a one-dimensional boundary layer. This

suggestion is supported by the one-dimensional computer simulations done

at MRC with the SCALE1D code ’. If a v e l o c i t y  space analysis were undertaken

it would probably show that perturbations of the electron gas are cri tically’

damped for distributions other than that of monoenergetic normal emission.

If in fact there are other emission configurations which allow

oscillations of the boundary layer and these oscillations are described by

an ad iabatic fluid , Sect ion 3 demonstrates that the frequencies of oscil-

lations must be real. This means that the static boundary layer is stable

with respect to adiabatic perturbations.

23
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The implications for experiments is that any instabili ty- that —

arises within an experiment with a one-dimensional boundary’ layer probabl y
comes from an interaction with the experimental system and the layer but
not from the electron gas itself. A linear times exponential energy’ distri-
bution wi th cosine emission may be particularly’ relevant to photon experi-

ments. Under these circumstances the electron gas does not support oscil-
lations itself and probably damps oscillations o c c u r r ing because o f an
interaction wi th an externa l system .

24
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APPENDIX I

In this appendix we demonstrate that the adiabatic condition for
an ideal gas , under constraints similar to that of the SCEMP boundary layer ,
follows directly from Equation 23. We consider the idealized circi~nstance

of a one-dimensional system of gas held together by se l f -g rav i ta t i on  rather

than electric forces. The energy density c, including gravitational energy’

c is

c = 

~ 

(
~~~

\
2 

+ ~ , 
(I- i)

8TIG ~x/

where ~ is the gravitational potential , U is the internal energy of the gas

per unit volume and G is the gravitational constant . If c~ is the number of

degrees of freedom , then assuming a Boltzman distribution

U = - / 2  P . (1-2)

Because of the equiiit ion of equil ibrium

P
U 

= 
~~~~~ 

(~
) . (1-3)

Substituting Equations 1—2 and 1—3 into Equation 1—1 we sec that

() 
= -

~~~~~~~
- P~ . (I- -I )

Suhst i tut ing Equat ion 1 — -1 in to Equat i on 23 ~.s’ have

= - -~ ~~ ( P ~~~~) , ( 1 - 5 )

w here we have rec on~i j 2 (51 as the r a t  io of spec A t i c  heats. liv us ing  he

Poisson equlat ion for the gray i tat lona I s stem one can show , in ,t way

27
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analogous to the deriv ation of Equation 25 , t hat

(1-6)

Substituting Equation 1-6 into 1-5 u~e find that

6P — - P ~~
-
~~

- - —p- ~ (I- ’
~)— 0~~ x ax ~~

- ’

Equation 1-7 is the correct adiabatic relation for one-dimensional

perturbations of an ideal gas.

L~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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APPENDIX II

In this appendix we compare a computer solution made with the

code 1 SCALE1D for normal inonoenergetic emission with the analytical result

of Section 4. We compare the period of the lowest mode derived anal yticall y

with the oscillations observed in the computer simulation . We find til e

results agree to within the accuracy of measurement .

The code solution describes the physical situation where electrons

are emitted normally ’ with a very nearly’ monoenergetic energy distribution.

The emission energy is 1 key . The time hi stor y of the emission spectrum

rises to a maximum in 10 nanoseconds along a linear ran)!). it i’eflia iiis

constant for 50 nanoseconds and then drops disc ontinuousl y to zero. The

output of the code is in terms of normalized parameters. The relevant

ones are :

-9Time - 1.010 x 10 sec

Length - 1.892 cm

- ‘ --  9
~c loc i t y  - ~~~~ x 10 cm/sec

Charge Density - 1.179 x l0~~ ESU/cm
3

Current I)ensity’ - 9. 239 x l 0 ’~ abamps/cm

Figure 2 shows the emission velocity’ distribution . Figure 3 shows the

charge density’ as a function of distance from the surface at a time large

enough to correspond rough Iv to equ i ii hr i um. For he st at i c prob I em t he

charge den s it y ( i qu i i t  ion 38 ) approaches nfl in it V for x = ii . I in t he co mp uit en-

29
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Figure 2. Emission energy distribution .
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Figure 3. Charge density vs distance from the emitting surface (at a

time 9.4).
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so lution the charge densi ty ’  is discontinuous at d. From Figure 2 this

distance is ( . 4 6 7 ) ( l . 8 9 2 )  = . 883. From the s ta t i c  solution theory’ (Reference
2, page 24) the distance d is given in terms of

/ V
d = 2/3 1 1 

( T I — i )
\1 8Tre2r

0

The parameters in the above equation have the same meaning they’ did in

Section 4. is the emission energy. In the computer i)roblem 1.73 x 1010

electrons are emitted / cm over the total time of 60 ns. To find an

average emission current we divide the emitted electrons by a time of 55 ns

(10 ns of the time history is a ram!)). Thus

17 —2 -lr
0 3.15 x 10 cm sec . (11-2)

Substituting this r0 together with the appropriate values of the other para-
meters into Equation 11-1 we find that

d = .855 cm . (11-3)

This value corresponds quite well with the value taken from Figure 2 and

lends credence to the assumption that we are dealing with a static solution .

Figure 3 shows the current density at .568 cm f rom the emitting

surface. From the graphs tile oscillations have a period T 0 of

= 3.24 x 1.01 x l0~~ = 3.2b x l0~~ sec . (Il- -I)

The value for the lowest mode (n=0) in Equation 52 is

= (3.46) 2d = 
(3 .4 6 )  ( 2 ) ( . 8 ~ 3) 

= 3.2() x l0~~ sec‘1 1.873 x l0~~

If we had used the value of d ex pressed by Equat  ion 11-3 , we would have

obtained T 0 equal to 3 . 1 6  x l0~~ see. This number is w ithin .3 percent of

t he measured v a lue .*

* Dr. Longmire has pointed out that the osc i l l a t ions depicted in Fi gure -1 - ii ’ .-

not rea l l y’ t he sin usoidal  o s c i l l a t i o n s suggest i’d by the theory . The usc ii -
lat ions of Fi gure  -3 appear to he actual Iv non— I itne a n ’ . A code rui n des igned
s p e c i f i c a l l y  to descr ibe osc i l l ; i t  ions abou t an ac t u a l  &‘qui i I il~r ium so l u i t io in
would he a het te r  check of the theory .
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